Abstract. We define twisted Frobenius extensions of graded superrings. We develop equivalent definitions in terms of bimodule isomorphisms, trace maps, bilinear forms, and dual sets of generators. The motivation for our study comes from categorification, where one is often interested in the adjointness properties of induction and restriction functors. We show that A is a twisted Frobenius extension of B if and only if induction of B-modules to A-modules is twisted shifted right adjoint to restriction of A-modules to B-modules. A large (non-exhaustive) class of examples is given by the fact that any time A is a Frobenius graded superalgebra, B is a graded subalgebra that is also a Frobenius graded superalgebra, and A is projective as a left B-module, then A is a twisted Frobenius extension of B.
Introduction
Frobenius algebras and their natural generalization, Frobenius extensions, have played an increasingly important role in many areas of mathematics. For example, commutative Frobenius algebras are the same as two-dimensional topological quantum field theories. More recently, Frobenius algebras and Frobenius extensions have become ubiquitous in the field of categorification. Many constructions in categorical representation theory involve categories of modules over Frobenius (graded super)algebras. There it is important that one has nice adjointness properties of the functors of induction and restriction between categories of modules over a ring and modules over a subring. In particular, if B is a subring of A, then induction from the category of B-modules to the category of A-modules is always left adjoint to restriction from the category of A-modules to the category of B-modules. It is also right adjoint precisely when A is a Frobenius extension of B (see [Mor65, Th. 5 .1]). However, there are many important situations when something weaker happens. For example, if A is a Frobenius algebra, B is a subalgebra of A that is also a Frobenius algebra, and A is projective as a left B-module, then induction is twisted right adjoint to restriction. This follows, for example, from [Kho01, Lem. 1], or see [RS, Prop. 6.7] for the statement in the graded super setting of the current paper. However, it turns out that the converse does not hold. It is thus natural to ask what conditions on A and B correspond precisely to induction being twisted right adjoint to restriction. (See Theorem 6.2 for the type of twisted adjointness we consider in the current paper.) It follows from work of Morita ([Mor65] ) that the correct notion is that of an (α, β)-Frobenius extension.
The goal of the current paper is to develop the theory of (α, β)-Frobenius extensions (which we also call twisted Frobenius extensions) in detail, with an aim towards applications to categorification. Since, in categorical representation theory, one often wants to work in the setting of graded superrings, we adopt that generality here. After recalling some conventions and basic facts about graded superrings in Section 2, we introduce the notion of twisted Frobenius extensions in Section 3. The definition involves a certain isomorphism of bimodules. In the case that all gradings are trivial (i.e. the non-graded non-super setting), our definition recovers that of [Mor65] . We prove that one has equivalent left and right formulations of the definition, and then examine the uniqueness of the data involved in the definition. In Section 4 we give an alternative definition of twisted Frobenius extensions in terms of trace maps, bilinear forms, and dual generating sets. We again answer the question of the uniqueness of this data. In Section 5 we define Nakayama automorphisms for twisted Frobenius extensions. These generalize the usual Nakayama automorphisms for Frobenius extensions.
In Section 6 we examine one of the main motivations for the concept of twisted Frobenius extensions. Namely, we show (Theorem 6.2) that if A is a graded superring and B is a graded subring, then induction is twisted shifted right adjoint to restriction if and only if A is a twisted Frobenius extension of B. We conclude, in Section 7, with some examples. We prove (Corollary 7.4) that if A is a Frobenius graded superalgebra, B is a graded subalgebra of A that is itself a Frobenius graded superalgebra, and A is projective as a left B-module, then A is a twisted Frobenius extension of B. This explains the adjointness properties in this setting mentioned in the first paragraph of this introduction. We conclude the paper with an example of a twisted Frobenius extension that is neither a usual Frobenius extension nor a Frobenius extension of the 2nd kind in the sense of [NT60] .
Note on the arXiv version. For the interested reader, the tex file of the arXiv version of this paper includes hidden details of some straightforward computations and arguments that are omitted in the pdf file. These details can be displayed by switching the details toggle to true in the tex file and recompiling.
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Graded superrings
Throughout this paper we fix an abelian group Λ and by graded, we mean Λ-graded. In particular, a graded superring is a Λ × Z 2 -graded ring. So if A is a graded superring, then we have
For the remainder of this section, A will denote a graded superring. To avoid repeated use of the modifiers "graded" and "super", from now on we will use the term ring to mean graded superring and subring to mean graded sub-superring. Similarly, by an automorphism of a ring, we mean an automorphism as graded superrings.
We will use the term module to mean graded supermodule. In particular, a left A-module M is a (Λ × Z 2 )-graded abelian group with a left A-action such that
and similarly for right modules. If v is a homogeneous element in a Λ-graded (resp. Z 2 -graded) ring or module, we will denote by |v| (resp.v) its degree. Whenever we write an expression involving degrees of elements, we will implicitly assume that such elements are homogeneous.
For M , N two Λ×Z 2 -graded abelian groups, we define a Λ×Z 2 -grading on the space HOM Z (M, N ) of all Z-linear maps by setting HOM Z (M, N ) µ,γ , µ ∈ Λ, γ ∈ Z 2 , to be the subspace of all homogeneous maps of degree (µ, γ). That is,
We let A-mod denote the category of left A-modules, with set of morphisms from M to N given by Hom
Similarly, we let A-rmod denote the category of right A-modules, with set of morphisms from M to N given by
For µ ∈ Λ and γ ∈ Z 2 , we have the shift functors
Here {µ, γ}M denotes the Λ × Z 2 -graded abelian group that has the same underlying abelian group as M , but a new grading given by ({µ, γ}M ) ν,δ = M ν−µ,δ+γ . Abusing notation, we will also sometimes use {µ, γ} to denote the map M → {µ, γ}M that is the identity on elements of M . For M ∈ A-mod, the left action of A on {µ, γ}M is given by a · {µ, γ}m = (−1) γā {µ, γ}am, a ∈ A, m ∈ M , where am is the action on M . For A ∈ A-rmod, the right action of A on {µ, γ}M is given by ({µ, γ}m) · a = {µ, γ}(ma), a ∈ A, m ∈ M . The shift functors leave morphisms unchanged. Note that we have chosen to write the shift {µ, γ} on the left since it commutes with right actions, but not left actions.
For M, N ∈ A-mod, we also define the Λ × Z 2 -graded abelian group
where the homogeneous components are defined by
Note that we have an isomorphism of Λ × Z 2 -graded abelian groups (which we will often view as identification)
In particular, taking ν = −µ and δ = γ in (2.2) gives the isomorphism
and we have isomorphisms of Λ × Z 2 -graded abelian groups (which we will often view as identification)
. If M is a left A-module, we will sometimes use the notation ℓ a for the operator given by the left action by a, that is,
If M is a right A-module, then for each homogeneous a ∈ A, we define a Z-linear operator
If A 1 and A 2 are rings, then an (A 1 , A 2 )-bimodule is an abelian group that is simultaneously a left A 1 -module and a right A 2 -module and such that
It is routine to verify that (2.2) is an isomorphism of left A 2 -modules and right A 2 -modules under the actions (2.7) and (2.8), respectively, when M and N have the appropriate structure.
Similarly, if M is an (A 1 , A 2 )-bimodule and N is a right A 2 -module, then HOM
Definition 2.1 (Projective bases). A left projective basis of a left A-module M is a pair of sets of homogeneous elements
where µ i ∈ Λ and γ i ∈ Z 2 for i ∈ I, such that, for any x ∈ M , ϕ i (x) is nonzero for only finitely many i, and x = i∈I (−1)
A right projective basis of a right A-module M is a pair of sets of homogeneous elements
where µ i ∈ Λ and γ i ∈ Z 2 for i ∈ I, such that, for any x ∈ M , ϕ i (x) is nonzero for only finitely many i, and x = i∈I x i ϕ i (x). Proof. We prove the left version of the lemma, since the right version is analogous, but with fewer signs. Let {x i ∈ M µ i ,γ i } i∈I and {ϕ i ∈ HOM L A (M, A) −µ i ,γ i } i∈I be a left projective basis of M . Then the map g :
is a surjective left A-module homomorphism since, for any x ∈ M , we have x = g((ϕ i (x)) i∈I ), where we have used the isomorphism (2.3) to identify HOM
We also have an A-module homomorphism
Since g • ϕ = Id M , g is a split epimorphism, and hence M is a direct summand of the free module i∈I {µ i , γ i }A. Thus M is projective. The converse can be seen by reversing the argument. Now assume that M is projective. If M has a finite left projective basis, then it is clearly finitely generated. On the other hand, suppose M is finitely generated and {x i } i∈I , {ϕ i } i∈I is a left projective basis. Choose a finite collection y 1 , . . . , y n of generators of M . Then is it easy to see that {x i } i∈J , {ϕ i } i∈J is a finite left projective basis of M , where
If B is a subring of A, we define the centralizer of B in A to be the subring of A defined by (2.11)
When we wish to consider a ring as a right and/or left module over some subring, we will denote this using subscripts. For instance, if B is a subring of A, then A A B denotes the ring A considered as an (A, B)-bimodule. In the remainder of the paper, we will also often use subscripts on modules to make it clear what type of module they are. For example B M A will denote that M is a (B, A)-bimodule.
Suppose A M is a left A-module, N A is a right A-module, and α is a ring automorphism of A. Then we can define the twisted left A-module α A M and twisted right A-module N α A to be equal to A M and N A , respectively, as graded abelian groups, but with actions given by
where juxtaposition denotes the original action of A on A M and N A . If α is a ring automorphism of A, and B is a subring of A, then we will also use the notation α B A A to denote the (B, A)-bimodule equal to A as a graded abelian group, with right action given by multiplication, and with left action given by b · a = α(b)a (where here juxtaposition is multiplication in the ring A), even though α is not a ring automorphism of B. We use A A α B for the obvious right analogue. By convention, when we consider twisted modules as above, operators such as r a and ℓ a defined in (2.5) and (2.6) involve the right and left action (respectively) in the original (i.e. untwisted) module.
Twisted Frobenius extensions
In this section, we define our main objects of study: twisted Frobenius extensions. We fix a ring A and subring B. We also let α and β denote automorphisms of A and B, respectively. Proposition 3.1. Fix λ ∈ Λ and π ∈ Z 2 . The set of conditions L1: A is finitely generated and projective as a left B-module,
-bimodules, is equivalent to the set of conditions

R1:
A is finitely generated and projective as a right B-module,
Proof. We prove that conditions L1 and L2 imply R1 and R2. The reverse implication is analogous. Assume L1 and L2 hold. By L1, there exists a left B-module B M such that
Thus HOM
is projective as a right B-module. Hence, by L2, we see that R1 is satisfied. By L2 there exists an isomorphism of (A, B)-bimodules Φ :
It suffices to show that Ψ is an isomorphism of (B, A)-bimodules. The verification that it is a homomorphism of (B, A)-bimodules is straightforward. To see that Ψ is an isomorphism, consider the natural map ǫ :
, and hence ǫ(a) = 0. But β B A α A is a finitely generated and projective left B-module, and so ǫ is an isomorphism. We conclude that a = 0, and thus Ψ is a monomorphism. Moreover, any element of HOM
is of the form f → f (a) for some a ∈ A, and hence any element of HOM
Note that (3.1) gives an explicit one-to-one correspondence between the isomorphisms in L2 and those in R2. 
and only if there exists an invertible element
Proof. Set ς = (β ′ ) −1 β and σ = (α ′ ) −1 α. Then we have an isomorphism of (A, B)-bimodules
. This induces another isomorphism of (A, B)-bimodules Φ ′ ςσ :
We claim that ρ(1 A ) is an invertible element in A. Indeed, for any x ∈ A, we have xρ(1 A ) = ρ(σ −1 (x)1 A ) = ρ(σ −1 (x)). Thus Aρ(1 A ) = ρσ −1 (A) = A, and if xρ(1 A ) = 0 then x = 0, which shows that right multiplication by ρ(1 A ) is a left A-module automorphism of A. Hence ρ(1 A ) has a left inverse a in A. Then
and so a is also a right inverse to ρ(1 A ).
Finally, for any b ∈ B, we have
is an isomorphism of (A, B)-bimodules. We then have an isomorphism of (A, B)-bimodules
It follows that we have
, and so A is an (α ′ , β ′ )-Frobenius extension of degree (λ ′ , π ′ ). Proof. This follows immediately from Proposition 3.4, taking µ = 1 A , α ′ = Id A and β ′ = β•α −1 .
Remark 3.7. The converse to Corollary 3.6 is false. For example, suppose F is a field and let S n denote the symmetric group on n elements. Then FS n is a Frobenius algebra with Nakayama automorphism ψ n given by conjugation by the longest element. It follows from Corollary 7.4 that FS n is a (ψ n , ψ m )-Frobenius extension of FS m for m < n. Note that ψ n (s 1 ) = s n−1 , and hence ψ n does not fix FS m . However, if we take µ to be the longest element of FS n , α ′ = Id A , and β ′ = ψ m in Proposition 3.4, we see that FS n is an (Id A , ψ m )-Frobenius extension of FS m . Nonetheless, there do exist extensions A of B which are (α, β)-Frobenius for some α, β, but are not (Id A , β ′ )-extensions for any automorphism β ′ of B (see Example 7.6).
Proposition 3.8. Let A be an (α, β)-Frobenius extension of B and let
be an isomorphism of (A, B)-bimodules. Then a second map
is an isomorphism of (A, B)-bimodules if and only if there is an invertible element µ ∈ A 0,0 that commutes with all elements of B, and such that
Proof. Consider the proof of Proposition 3.4 with α = α ′ and β = β ′ , so that ς = Id B and σ = Id A . Then the map Γ in the proof of Proposition 3.4 is the identity map. Moreover, it is shown there that ρ(1 A ) is invertible and that, for all b ∈ B, we have ρ(1 A )ς(b) = σ(b)ρ(1 A ), and hence ρ(1 A ) commutes with all elements of B. Finally, we have
and so taking µ = ρ(1 A ) −1 completes the proof of the proposition.
Remark 3.9. In the case that α = Id A and all gradings are trivial, Proposition 3.8 can be found in [NT60, Prop. 3].
Trace characterization
In this section, we give an alternative characterization of twisted Frobenius extensions in terms of trace maps and bilinear forms. We continue to let A denote a ring and B denote a subring of A. We let α and β denote automorphisms of A and B, respectively, and fix λ ∈ Λ and π ∈ Z 2 .
Recall the one-to-one correspondence between isomorphisms in L2 and those in R2 given by (3.1). Note that for any a 1 , a 2 ∈ A, we have β −1 Ψ(a 1 )(a 2 ) = (−1)ā 1ā2 Φ(a 2 )(a 1 ). On the other hand, we have
, and 
, tr L is a homomorphism of left B-modules. Now, for b ∈ B and x ∈ A, we have
where we used (4.1) in the second and fifth equalities. Thus, tr L is also a homomorphism of right B-modules. If tr L (Aa) = 0 for some a ∈ A then 0 = Φ(1 A )(Aa) = ±Φ(α −1 (a))(A), and hence α −1 (a) = 0, so that a = 0. Thus tr L satisfies property L3. Now let ϕ ∈ HOM
A , {λ, π} B B B ) (equality of abelian groups). Then there exists a ′ ∈ A such that ϕ = Φ(a ′ ). Thus, for x ∈ A, we have
and so taking a = α(a ′ ) shows that tr L satisfies property L4. On the other hand, let tr L :
be a homomorphism of (B, B)-bimodules satisfying L3 and L4. Define a map
The map Φ is clearly a homomorphism of left A-modules, and it is a homomorphism of right Bmodules since tr L is. Also, Φ is injective by L3 and surjective by L4, and hence is an isomorphism. It is clear that Φ(1 A ) = tr L . resp.
satisfying L3 and L4 (resp. R3 and R4) will be referred to as a left (resp. right) (α, β)-trace map of degree (λ, π). We will often simply use the terms left trace map and right trace map when α, β, λ, and π are clear from the context, or when we do not wish to specify them. We use the term trace map to mean left trace map. In such cases, we will sometimes use the notation tr instead of tr L .
Lemma 4.6. Let A be an (α, β)-Frobenius extension of B of degree (λ, π). Then a map tr R : Proof. Given a trace map tr, one sets x, y = tr(xy) for all x, y ∈ A. Conversely, given such a bilinear map , , one sets tr(x) = x, 1 A . The proof that these maps have the desired properties is a straightforward verification. The final statement follows immediately from Corollary 4.2. 
is a right (α, β)-trace map of degree (λ, π) if and only if tr
where we view tr as a degree (−λ, π) map to B B B via the isomorphisms (2.3) and (2.4). We call the sets {x 1 , . . . , x n } and {y 1 , . . . , y n } dual sets of generators of A over B.
Proof. Suppose A is an (α, β)-Frobenius extension of B of degree (λ, π), and let tr denote a trace map. By Lemma 2.2, we can choose a left projective basis 
and so, for any ϕ ∈ HOM
In particular, if we take ϕ = Φ(a), we get
and we conclude that a = (a) ). Conversely, suppose we have a homomorphism of (B, B)-bimodules tr : . Then, for all a ∈ A, we have
and so tr satisfies property L4. Thus A is an (α, β)-Frobenius extension of B by Corollary 4.2.
We note that if A is an (α, β)-Frobenius extension of B and {x 1 , . . . , x n } and {y 1 , . . . , y n } are as in Proposition 4.9, then the elements x 1 , . . . , x n , along with the maps β • tr • r y i , i = 1, . . . , n, form a projective basis of A as a left B-module, while the elements (−1) πx 1 α −1 (y 1 ), . . . , (−1) πxn α −1 (y n ), along with the maps tr • ℓ x i • α, i = 1, . . . , n form a projective basis of A as a right B-module.
Nakayama isomorphisms
Throughout this section, we fix A to be an (α, β)-Frobenius extension of B of degree (λ, π). Let tr : 
We note that ψ can be characterized as follows: for any c ∈ C A (B), ψ(c) is the unique element of A such that (5.2) tr(cx) = (−1)xctr(xψ(c)) for all x ∈ A.
Lemma 5.1. The image of the map ψ is C A (α(B) ).
Proof. Suppose y ∈ im ψ is homogeneous. Then there is some c ∈ C A (B), withc =ȳ, for which tr(cx) = (−1)xctr(xy) for all x ∈ A. But then, for any b ∈ B, we have for all x ∈ A, and it follows from L3 that y ∈ C A (α(B)). Hence im ψ ⊆ C A (α(B) ). For the reverse inclusion, set tr R = β •tr •α, which is a right trace map by Lemma 4.6. Then, for any homogeneous c ∈ C A (B), the map σ ′ c := tr R • r c : A
→ {λ+|c|, π +c}B B is a homomorphism of right B-modules. By L3, we get a degree-preserving injection
Similarly, for any homogeneous a ∈ A, we have a homomorphism of right B-modules τ ′ a := tr R • ℓ a : A β −1 B → {λ + |a|, π +ā}B B . By R3 and R4, the map 
) is an isomorphism of rings.
Proof. We use the notation of the proof of Lemma 5.1. Since ψ is injective, it follows from Lemma 5.1 that we need only show that ψ is a ring homomorphism. First, we have tr(1 A x) = tr(x1 A ) for all x ∈ A so that ψ(1 A ) = 1 A . Next, note that ψ = τ −1 • σ is grading-preserving and linear since σ and τ are. Finally, for c 1 , c 2 ∈ C A (B), we have
from which it follows, by L3, that ψ(c 1 c 2 ) = ψ(c 1 )ψ(c 2 ).
Definition 5.3 (Nakayama isomorphism). We call the map ψ : C A (B) → C A (α(B)) characterized by (5.2) the Nakayama isomorphism associated to the trace map tr.
Remark 5.4. In the case that α = Id A and β = Id B , the map ψ defined above is the usual Nakayama automorphism of the Frobenius extension A of B.
Proposition 5.5. Suppose tr 1 and tr 2 are both trace maps for the twisted Frobenius extension A of B, and let ψ 1 , ψ 2 be the associated Nakayama isomorphisms. Then there exists an invertible element a ∈ C A (α(B)) of degree (0, 0) such that ψ 2 (c) = aψ 1 (c)a −1 for all c ∈ C A (B).
Conversely, let tr 1 be a trace map for this twisted Frobenius extension, with Nakayama isomor-
, is the Nakayama isomorphism associated to the trace map tr 2 = tr 1 • r a.
Proof. Let c ∈ C A (B). By Proposition 4.7, there exists an invertible a ∈ C A (α(B)) of degree (0, 0) such that tr 2 = tr 1 • r a. This gives, for x ∈ A, tr 2 (cx) = tr 1 (cxa) = (−1)xc tr 1 (xaψ 1 (c)) = (−1)xc tr 2 (xaψ 1 (c)a −1 ) and it follows that ψ 2 (c) = aψ 1 (c)a −1 . Conversely, defining ψ 2 as in the proposition will yield the Nakayama isomorphism of the map tr 2 := tr 1 • r a, which is guaranteed to be a trace map by Proposition 4.7.
Proposition 5.6. If we fix a trace map tr and choose dual sets of generators {x 1 , . . . , x n } and {y 1 , . . . , y n } as in Proposition 4.9, then the Nakayama isomorphism corresponding to tr is given explicitly by
for all a ∈ C A (B), where we view tr as a degree (−λ, π) map to B B B via the isomorphisms (2.3) and (2.4). Its inverse is given explicitly by
Proof. Suppose a ∈ C A (B). Replacing a by α −1 (ψ(a)) in the last expression in (4.2) yields
Now suppose a ∈ C A (α(B)). Replacing a by ψ −1 (a) in the second expression in (4.2) yields
Adjointness properties
We now examine the relationship between twisted Frobenius extensions and induction/restriction functors. This is one of the main motivations for the concept of twisted Frobenius extensions. Throughout this section, we assume that A and B are rings, α is an automorphism of A, β is an automorphism of B, λ ∈ Λ, and π ∈ Z 2 . Lemma 6.1. Suppose that A is an (α, β)-Frobenius extension of B of degree (λ, π) with dual sets of generators {x i } n i=1 , {y i } n i=1 as in Proposition 4.9. Then the map
is a homomorphism of (A, A)-bimodules.
Proof. It suffices to show that
We have
where, in the second equality, we used the last expression in (4.2) with a = a ′ α −1 (y i ) and, in the fifth equality, we used the second expression in (4.2) with a = x j α(a ′ ).
, where we view tr as a degree (−λ, π) map to B B B via (2.3) and (2.4). Then it is straightforward to verify that ε is a homomorphism of (B, B)-bimodules.
Recall that, for a ring R, we let R-mod denote the category of left R-modules. If R and S are rings and M is an (R, S)-bimodule, then we have a functor
In particular, we have the functors Proof. Let A be an (α, β)-Frobenius extension of B of degree (λ, π), and let η and ε be the maps defined above. We claim that η and ε are the unit and counit of an adjunction, making A A B ⊗ B − right adjoint to {−λ, π} 
as desired, where the last equality follows from (4.3).
Finally, we need to show that the composition
is also the identity map, where the first and last isomorphisms again come from the corresponding actions. We have
where the last equality again follows from (4.3). Now suppose that the functor A A B ⊗ B − is right adjoint to the functor {−λ, π} 
. . , n. We claim that the sets {x i := (−1)
. . , n} and {y i := α(y ′ i ) | i = 1, . . . , n} form dual sets of generators as in Proposition 4.9. Indeed, first note that, since η is a degreepreserving map, we havex i =x ′ i =ȳ i + π =ȳ ′ i + π. Then consider the composition
, which is the identity map. For a ∈ A, we have
and hence a =
On the other hand, consider the composition
which is also the identity map. We have
and so a = (a) ). The theorem then follows from Proposition 4.9.
Examples
Suppose that F is a field. If A 1 and A 2 are graded superalgebras over F, and M is an (A 1 , A 2 )-bimodule, then the dual
is an (A 2 , A 1 )-bimodule with action given, for a 1 ∈ A 1 , a 2 ∈ A 2 , f ∈ M ∨ , by
Recall that a finite-dimensional graded superalgebra A is a Frobenius graded superalgebra of degree (λ A , π A ) if there exists a grading-preserving linear map tr A : A → {λ A , π A }F, called the trace map of A, such that the kernel of tr A contains no nonzero left ideals of A. Throughout this section, we will view such a trace map as a degree (−λ A , π A ) map to F via (2.3) and (2.4). The corresponding Nakayama automorphism is the algebra automorphism ψ A of A satisfying tr A (a 1 a 2 ) = (−1)ā 1ā2 tr A (a 2 ψ A (a 1 )) for all a 1 , a 2 . In the language of the current paper, a Frobenius graded superalgebra A is an (Id A , Id F )-Frobenius extension of F.
Suppose that A is a Frobenius graded superalgebra of degree (λ A , π A ) with trace map tr A and corresponding Nakayama automorphism ψ A . Furthermore, suppose that B is a graded subalgebra of A that is itself a Frobenius graded superalgebra of degree (λ B , π B ), with trace map tr B and corresponding Nakayama automorphism ψ B .
Fix an F-basis B of B and let B ∨ = {b ∨ | b ∈ B} be the dual basis. More precisely, we have
(Note that one must choose a left-right convention here because the bilinear form is not symmetric in general. It might be more correct to call B ∨ the right dual basis.) It follows that
Lemma 7.1. For any (B, A)-bimodule B M A , the maps
are mutually inverse isomorphisms of (A, B)-bimodules. 
Thus (7.3) is a homomorphism of (A, B)-bimodules. It remains to show that the given maps are mutually inverse. The map (7.3) followed by the map (7.
So the map (7.3) is a right inverse to (7.4). Now assume for a moment that 1 B ∈ B. (Note that we can always choose a basis B with this property.) It follows that tr B (b ∨ ) is equal to one if b = 1 B and is equal to zero otherwise. Then the map (7.4) followed by (7.3) sends θ ∈ ( B M A ) ∨ to the map
where the last equality follows from the fact that θ(m) = 0 unlessθ =m. It follows, with this assumption on B, that the maps (7.3) and (7.4) are mutually inverse. Thus, the F-dimensions of HOM
and ( B M A ) ∨ are equal. Therefore, dropping our assumption on B, we still have that (7.3) is inverse to (7.4) (since it is right inverse). and so ϕ A is a homomorphism of (A, B)-bimodules. It is injective since A is a Frobenius algebra and hence tr A has no nonzero left ideals. Since the F-dimension of the domain and codomain of ϕ A are both dim F A, it is also surjective. That tr is a homomorphism of (B, B)-bimodules satisfying conditions L3 and L4 then follows from Proposition 4.1. A ⊗ A −. Proof. Since A is finite dimensional, it is finitely generated as a left B-module. Thus, the assumption that A is also projective as a left B-module implies that condition L1 is satisfied. Then Proposition 7.3 implies that condition L2 is also satisfied. The final assertion follows immediately from Theorem 6.2.
Remark 7.5. Note that a Frobenius algebra is not always projective over a Frobenius subalgebra. For instance, if A = C[x]/x 3 C[x] and B is the unital subalgebra generated by x + x 3 C[x], then it is easily seen that A and B are both Frobenius algebras, but that A is not projective as a B-module.
We conclude with an example of a twisted Frobenius extension that is not a Frobenius extension, nor even a Frobenius extension of the 2nd kind in the sense of [NT60] .
Example 7.6 (Nilcoxeter algebras). Fix a nonnegative integer n. The nilcoxeter algebra N n is the unital F-algebra generated by u 1 , . . . , u n−1 , subject to the relations u 2 i = 0 for i = 1, 2, . . . , n − 1, u i u j = u j u i for i, j = 1, . . . , n − 1 such that |i − j| > 1, u i u i+1 u i = u i+1 u i u i+1 for i = 1, 2, . . . , n − 2.
By convention, we set N 0 = N 1 = F and consider each generator u i as being of degree (1, 1). Note that any element in the ideal generated by u 1 , . . . , u n−1 is a zero divisor, and hence any homogeneous invertible element in N n must be a multiple of the unit element. For any n, the nilcoxeter algebra N n is a Frobenius graded superalgebra over F of degree 
